HWV@W@A{ 2 Solution

1. Please prove that the addition and scalar multiplication operations of quotient space

are well defined. i.e. suppose ¥ + W = @' + W, then for any ¢ + W € V/W, the
following equations hold.

(a) (T+W)+ @ +W)=0+W)+ @ +W)
(b) a-(T+W)=a-(0+ W) for any a € F
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2. With the addition and scalar multiplication of quotient space defined in lecture note,
show that V/W is a vector space over F.
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3. Sec. 1.7: Q7

Prove the following generalization of the replacement theorem. Let (3
be a basis for a vector space V, and let S be a linearly independent
subset of V. There exists a subset S; of 3 such that S U .S is a basis

for V.
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4. (Extension to Sec. 2.1: Q18) Please find ALL linear transformations T : R? — R?
such that N(T) = R(T).
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5. Sec.

2.1: Q25(c)

. Let T: R? — R3,

(a)
(b)
(c)

()

If T(a,b,¢) = (a,b,0), show that T is the projection on the xy-
plane along the z-axis.

Find a formula for T(a, b, ¢), where T represents the projection on
the z-axis along the zy-plane.

If T(a,b,c) = (a — ¢,b,0), show that T is the projection on the
zy-plane along the line L = {(a,0,a): a € R}.
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6. Sec. 2.1: Q26

Definition. Let V be a vector space and W1 and Wy be subspaces of
V such that V = W; @ Ws. (Recall the definition of direct sum given in the
exercises of Section 1.3.) A function T: V — V is called the projection on
W; along W, if, for x = x1 + xo with x1 € Wy and xo € W5, we have
T(x) = 1.
Using the notation in the definition above, assume that T: V — V is
the projection on W; along Ws.
(a) Prove that T is linear and Wy = {z € V: T(x) = x}.
(b) Prove that W; = R(T) and Wy = N(T).
(c) Describe T if Wy = V.
(d) Describe T if Wj is the zero subspace.
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